Free Vibration of a Cracked, Pre-stressed Continuous Rod  by Lengyel, Gábor & Németh, Róbert K.
 Procedia Engineering  161 ( 2016 )  1656 – 1661 
1877-7058 © 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of WMCAUS 2016
doi: 10.1016/j.proeng.2016.08.641 
ScienceDirect
Available online at www.sciencedirect.com
:RUOG0XOWLGLVFLSOLQDU\&LYLO(QJLQHHULQJ$UFKLWHFWXUH8UEDQ3ODQQLQJ6\PSRVLXP
:0&$86
)UHH9LEUDWLRQRID&UDFNHG3UH6WUHVVHG&RQWLQXRXV5RG
*iERU/HQJ\HOD5yEHUW.1pPHWKD
aBudapest University of Technology and Economics, Department of Structural Mechanics, 1111 Budapest, MĦegyetem rkp. 3, Hungary 
$EVWUDFW
,QWKLVZRUNWKHG\QDPLFDODQDO\VLVRIDSUHVWUHVVHGFRQWLQXRXVURGZLWKRQHFUDFNDWWKHHQGLVFDUULHGRXW7KLVNLQGRIEHKDYLRXU
LVW\SLFDOIRUPDVRQU\DQGFRQFUHWHVWUXFWXUHVZKLFKKDYHORZWHQVLRQDOUHVLVWDQFH$QLQLWLDOFUDFNLVDVVXPHGDWWKHHQGRIWKH
EDU7KHORQJLWXGLQDOYLEUDWLRQLQWKLVVWUXFWXUHZLOOEHSHUIRUPHGZLWKWKHPRGDODQDO\VLVRIWKHFRQWLQXRXVPRGHO$QXPHULFDO
PHWKRG IRU WKHFDOFXODWLRQRI VLPSOHSHULRGLFSDWKVZLWK H[DFWO\RQHFORVLQJ DQGRQHRSHQLQJRI WKH FUDFNGXULQJDSHULRG LV
SUHVHQWHGZLWKDQXPHULFDOH[DPSOH
7KH$XWKRUV3XEOLVKHGE\(OVHYLHU/WG
3HHUUHYLHZXQGHUUHVSRQVLELOLW\RIWKHRUJDQL]LQJFRPPLWWHHRI:0&$86
Keywords:IUHHYLEUDWLRQQRQOLQHDUQRUPDOPRGHVQDWXUDOSHULRGFUDFNHGURG
,QWURGXFWLRQ
1RQOLQHDUQRUPDOPRGHV 110KDYH DQ HPHUJLQJ DQG LPSRUWDQW UROH LQ WKH YLEUDWLRQ DQDO\VLV RI QRQOLQHDU
V\VWHPV7\SLFDOVROXWLRQWHFKQLTXHVDUHIRFXVLQJSULPDULO\RQWKHKDUPRQLFDOO\IRUFHGYLEUDWLRQZKHUHWKHSHULRGLF
UHVSRQVHRIDPXOWLGHJUHHRIIUHHGRPV\VWHPLVVHDUFKHGIRUVHH5DQG6KDZDQG3LHUUH/D%U\HUDQG
$WWDU 5HQVRQHW DO 3LHFHZLVH OLQHDU V\VWHPV IRUPD ODUJHJURXSRIQRQOLQHDU V\VWHPVZKHUH WKH
YLEUDWLRQDQDO\VLVLVXVXDOO\GRQHRQUHGXFHGRUGHUPRGHOV7KHVHSUREOHPVRFFXUW\SLFDOO\LQPHFKDQLFDOHQJLQHHULQJ
SUREOHPVZKHUHDQLQLWLDOJDSUHVXOWVLQDQLPSDFWSKHQRPHQRQ$JHQHUDODSSURDFKIRUWKHQXPHULFDODQDO\VLVRI
VXFKV\VWHPFDQEHIRXQGLQ<X,QFLYLOHQJLQHHULQJSUD[LVDVLPLODUSKHQRPHQRQFDQEHVHHQLQSUHVWUHVVHG
PDVRQU\DQGFRQFUHWHVWUXFWXUHV7KHFRQWLQXLW\RIWKRVHPDWHULDOVLVWHUPLQDWHGIRUDVPDOOWHQVLOHIRUFHDQGFUDFNV
DSSHDUWKDWFDQEHWUHDWHGDVQHJDWLYHJDSZKLFKDOORZVWKHDSSOLFDWLRQRIIRUPHUPHWKRGV


&RUUHVSRQGLQJDXWKRU7HO
E-mail address:QHPHWKUREHUW#HSLWREPHKX
© 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the organizing committee of WMCAUS 2016
1657 Gábor Lengyel and Róbert K. Németh /  Procedia Engineering  161 ( 2016 )  1656 – 1661 
  

   
L
o i o j i ju x u x dxP G ³   

   
L
c i c j i ju x u x dxP G ³
      u x t EAu x tP cc  
 _ x Ldu dx = 
,QWKHFXUUHQWSDSHUZHLQWURGXFHDQHZQXPHULFDOPHWKRGIRUWKHFDOFXODWLRQRIVRPHVSHFLILFSHULRGLFVROXWLRQRI
WKHIUHHYLEUDWLRQRIDSUHFRPSUHVVHGEDUZLWKDQLQLWLDOFUDFN'XULQJWKHPRWLRQWKHFORVHGRURSHQVWDWHRIWKHFUDFN
UHVXOWWZRGLIIHUHQWEHKDYLRXURIWKHEDU7KHSLHFHZLVHOLQHDUIRUPRIWKHDQDO\VHGVWUXFWXUHDOORZVWKHXVHRIPRGDO
DQDO\VLV
:HZLOOORRNIRUWKRVHSHULRGLFPRWLRQVRIWKHEDUZKHUHGXULQJDSHULRGWKHEDUVWRSVH[DFWO\RQFHLQWKHFORVHG
DQGRQFHLQWKHRSHQVWDWHRIWKHFUDFNDQGWKHUHLVRQO\RQHFKDQJHEHWZHHQWKHRSHQDQGFORVHGVWDWHLQHDFKGLUHFWLRQ
:HZLOOGHVFULEHWKHYLEUDWLRQZLWKWKHPRGDOFRRUGLQDWHVDQGYLEUDWLRQVKDSHV:HZLOOVKRZWKDWWKHVHSHULRGLF
SDWKVFDQEHFKDUDFWHUL]HGE\WKHWLPHVSHQWE\WKHV\VWHPLQWKHFORVHGDQGLQWKHRSHQVWDWH
2XWOLQHRIWKHSDSHULVDVIROORZ)LUVWZHRYHUYLHZWKHPRGDOVKDSHVDQGQDWXUDOIUHTXHQFLHVRIWKHIUHHYLEUDWLRQ
SUREOHPRIWKHOLQHDUVWDWHV7KHQZHZLOOIRUPXODWHWKHDERYHPHQWLRQHGYLEUDWLRQSURFHVVPDWKHPDWLFDOO\ZLWKWKH
WUDQVIRUPDWLRQEHWZHHQWKHRSHQDQGFORVHGVWDWHVDQGVLPSOLI\WKHV\VWHPRIOLQHDUHTXDWLRQVWRRQHVLQJOHOLQHDU
HTXDWLRQRIWZRYDULDEOHV:HVFDQWKHVSDFHRIWKHVHYDULDEOHVWRILQGFDQGLGDWHVIRUWKHVROXWLRQDQGILOWHURXWWKH
SK\VLFDOO\ZURQJSDUDVLWLFVROXWLRQV:HSUHVHQWWKHUHVXOWVRIWKHQXPHULFDOFDOFXODWLRQRQDVLPSOHH[DPSOH
&DOFXODWLRQPHWKRG
2.1. Linear modal analysis 
7KHEDUKDVWKHOHQJWK/VSHFLILFPDVVȝQRUPDOVWLIIQHVV($DQGSUHVWUHVVHGE\WKHFRPSUHVVLRQIRUFH3VHH
)LJ  7KH ORQJLWXGLQDO GLVSODFHPHQW RI WKH EDU LV X[W ODWHUDO GLVSODFHPHQWV DUH QHJOHFWHG 7KH GLIIHUHQWLDO
HTXDWLRQRIWKHIUHHYLEUDWLRQLV:HZLOOGLVWLQJXLVKEHWZHHQWZRVWDWHRIWKHEDU


)LJ7KHDQDO\VHGEDU'DVKHGOLQHSUHVHQWVWKHVWUHVVIUHHVKDSH

,QWKHRSHQVWDWHWKHFUDFNLVRSHQ7KHGLVSODFHPHQWIXQFWLRQFRQVLVWVRIWKHYLEUDWLRQSDUWRQO\:HGHQRWHWKHLWK
VKDSH IXQFWLRQ E\ XRL [  ¥ȝ/VLQLʌ[/ DQG WKH iWK QDWXUDO FLUFXODU IUHTXHQF\ E\ ȦRL 7KH PRGDO
GLVSODFHPHQWVDWW DUHGHQRWHGE\ȘRLWKHPRGDOYHORFLWLHVDWWKHVDPHWLPHLQVWDQWDUHȗRL
,QWKHFORVHGVWDWHWKHFUDFNLVFORVHG7KHGLVSODFHPHQWIXQFWLRQFRQVLVWVRIDVWDWLFIXQFWLRQXV[DQGWKHYLEUDWLRQ
SDUWDURXQG WKLVVKDSH:HGHQRWH WKH jWKVKDSHIXQFWLRQE\XFM[ ¥ȝ/VLQMʌ[/DQG WKH jWKQDWXUDOFLUFXODU
IUHTXHQF\E\ȦFM7KHPRGDOGLVSODFHPHQWVDWĲ DUHGHQRWHGE\ȘFMWKHPRGDOYHORFLWLHVDWWKHVDPHWLPHLQVWDQW
ȗFML
,QERWKVWDWHWKHVKDSHIXQFWLRQVDUHQRUPDOL]HGWRWKHPDVVLHZLWKWKHXVHRIWKH.URHQHFNHUGHOWDV\PEROįLM
DQG

2.2. Vibration of one half-period 
7KHEDUVWRSVWZLFHGXULQJDSHULRGWKXVWKHPRWLRQEHWZHHQWZRVWRSVFRYHUVKDOIRIDSHULRG%HFDXVHRIWKLV
V\PPHWU\RIWKHGLVSODFHPHQWIXQFWLRQZHDQDO\VHRQO\KDOIRIDSHULRG7KHRSHQVWDWHFKDQJHVWRDFORVHGRQHWKH
FUDFNFORVHVZKHQWKHGLVSODFHPHQWDWWKHHQGRIWKHEDUEHFRPHVWR3/($7KHFORVHGVWDWHFKDQJHVWRRSHQWKH
FUDFNRSHQVZKHQWKHIRUFHDWWKHHQGRIWKHEDUEHFRPHV]HUR7KLVFRQVWUDLQFDQEHZULWWHQDV:H
UHOHDVHWKHURGIURPDGLVSODFHGSRVLWLRQDWWKHWLPHW IURPRSHQVWDWHZLWKȘRLPRGDOGLVSODFHPHQWVDQG]HURYHORFLW\
ȗRL 7KXVWKHGLVSODFHPHQWVDQGYHORFLWLHVFDQEHZULWWHQDVDIXQFWLRQRIWLPH
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/HWXVUHGXFHWKHLQILQLWHQXPEHURIXVHGPRGHVWR1LQERWKRSHQDQGFORVHGVWDWH7KXVLQVWHDGRIWKHLQILQLWH
VXPPDWLRQWKHDERYHHTXDWLRQFDQEHZULWWHQLQDPDWUL[IRUP
  c TC aK K  , and   c T S] K :  ,                                                                                                                 
ZLWKWKHYHFWRUVRIPRGDOFRRUGLQDWHVȘȘFPRGDOYHORFLWLHVȗFDQGVWDWLFGLVSODFHPHQWVDGLDJRQDOPDWULFHV


$WWKHĲ WFWLPHHDFKPRGDOYHORFLWLHVRIWKHFORVHGVWDWHPXVWEH]HUR,QWURGXFLQJWKHDQGWKHGLDJRQDOPDWULFHV
DQGWKLVFDQEHZULWWHQ

DV±6FȍFȘF&FȗF RUVXEVWLWXWLQJ(T
        c c cS TC a C T SK K :    :                               
7KHȘPRGDODPSOLWXGHVRIWKHRSHQVWDWHFRUUHVSRQGWRDSDLURIWWFWLPHVDIWHUZKLFKWKHWUDQVIRUPHGV\VWHP
ZLOOH[DFWO\VWRS)URPWKH(TWKHVHDPSOLWXGHVFDQEHFDOFXODWHGDV
      c c c c cS TC C T S S aK K
 :  : :   
:KLOHWKHDERYHIRUPXODFDOFXODWHVWKHLQLWLDODPSOLWXGHVLWQHJOHFWVWKHIDFWWKDWWKHJDSPXVWFORVHDWW W:H
FDOFXODWHWKHGLVSODFHPHQWDWWKHHQGRIWKHEDUIURP(TDQGPDNHLWHTXDOWRWKRVHRIWKHVWDWLFVROXWLRQ
6XEVWLWXWLQJWKHHQWULHVRILQWRWKHDERYHHTXDWLRQWKHUHZLOOEHRQHFRQVWUDLQRQWZR
SDUDPHWHUV
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 _ c x Ldu dx  d
2.3. Scanning of the parameter space 
7KHVSDFHVSDQQHGE\WKHWWFSDUDPHWHUVLVWKH*OREDO5HSUHVHQWDWLRQ6SDFH:HVFDQWKLVVSDFHIRUWKHVROXWLRQ
FDQGLGDWHVZLWK WKH3DUDOOHO6LPSOH[$OJRULWKPRI*iVSiUHWDO :HGLYLGH WKH*56LQWRVLPSOH[HVKHUH
WULDQJOHVDQGFDOFXODWHLQWKHQRGHVRIHDFKWULDQJOHWKHHUURURIWKHHTXDWLRQZKLFKGHVFULEHVWKHFORVXUHRIWKHFUDFN
7KHHUURUIXQFWLRQFDQEHOLQHDUL]HGLQVLGHWKHVLPSOH[DQGLWVIL[HGSRLQWVFDQEHFDOFXODWHGDVVROXWLRQSRLQWVRQWKH
HGJHVRIWKHWULDQJOH,IWKHOLQHDUL]HGVROXWLRQOLQHJRHVWKURXJKWKHVLPSOH[WKHHQGSRLQWVRILWVVHJPHQWLQVLGHWKH
VLPSOH[DUHVWRUHG7KHPHWKRGLVUREXVWILQGVQRQFRQQHFWHGVROXWLRQOLQHVDQGFDQEHHDVLO\SDUDOOHOL]HGZKLFKLQ
WXUQPDNHVWKHFDOFXODWLRQIDVW
)URPWKHFDQGLGDWHVRIWKHVROXWLRQVUHVXOWHGIURPWKHDERYHVFDQQLQJRIWKHSDUDPHWHUVSDFHZHFDQFDOFXODWHWKH
LQLWLDODPSOLWXGHVRIWKHRSHQVWDWHZLWK(T7KHQZHKDYHWRFKHFNQXPHULFDOO\LIWKHFUDFNZLOOQRWFORVHXQWLO
WLHWKHPD[LPXPRIX/WEHWZHHQWWIURP(THTXDOV±3/($7KHQWKHLQLWLDOFRQGLWLRQVRIWKH
YLEUDWLRQLQFORVHGVWDWHPXVWEHFDOFXODWHGIURP(T)LQDOO\WKHYLEUDWLRQLQWKHFORVHGVWDWHPXVWEHFDOFXODWHG
QXPHULFDOO\EHWZHHQWRFKHFNIURP(TWKDW2QO\WKRVHUHVXOWVDUHSK\VLFDOO\SRVVLEOHZKHUH
ERWKFRQVWUDLQVDUHIXOILOOHG
7KHUHDUHWZRQXPHULFDOLVVXHVLQWKHDERYHPHWKRGZKLFKZHKDYHWRDGGUHVVKHUH)LUVWWKHQXPHULFDOVROXWLRQ
FRXOGIDLOZKHUHWKHPDWUL[RIFRHIILFLHQWVEHFRPHVVLQJXODU7KHVFDQQLQJDOJRULWKPZLOOILQGSDUDVLWLFVROXWLRQSRLQWV
DURXQGVLQJXODULW\SRLQWVZKLFKDUHQRWDFWXDOVROXWLRQVRIWKHHUURUIXQFWLRQEXWRQO\WKHOLQHDUL]DWLRQ7KLVHUURU
FDQEHRYHUFRPHLIZHPXOWLSO\WKHHUURUIXQFWLRQE\WKHGHWHUPLQDQWRIWKHPDWUL[6HFRQGWKHFKDQJHEHWZHHQWKH
RSHQDQGFORVHGVWDWHLVQRWSHUIHFW LIZHXVHDVPDOOQXPEHURIPRGHV7KHUHWKHHQGRIEDUIRUFHDWWKHVWDWXV
FKDQJHFRXOGEHSRVLWLYHIRUDVKRUWWLPHSHULRG,QWKLVFDVHWKHQHJDWLYLW\FRQGLWLRQRQWKHHQGRIEDUIRUFHLVFKHFNHG
RQO\DIWHULWILUVWUHDFKHVFRPSUHVVLRQ
5HVXOWV
:HXVHG WKHDERYHDOJRULWKPRQ WKHIROORZLQJQXPHULFDOH[DPSOH7KHEDUSURSHUWLHVZHUHFKRVHQDV / P
($ 1ȝ NJPDQG3 1:HFDOFXODWHGWKHSHULRGLFFRQILJXUDWLRQVZLWK1 DQGPRGHV7KH
*56ZDVVFDQQHGZLWKDîJULGEHWZHHQ]HURDQGWKHKDOIRIWKHEDVHSHULRGIRUWKHRSHQDQGFORVHGVWDWH

)LJD7KHVROXWLRQVLQWKHt0, tcVSDFHQRUPDOL]HGWRWKHEDVHSHULRG
RIWKHFORVHGVWDWH7DSK\VLFDOO\SRVVLEOHUHGDQGLPSRVVLEOH
JUH\SHULRGLFVROXWLRQVZLWK1 
)LJE3RVVLEOHSHULRGLFVROXWLRQVZLWK1 UHG1 JUHHQ1 
EOXHDQG1 SXUSOH
)LJDVKRZVWKHSHULRGLFVROXWLRQVIURPWKHVFDQQLQJZLWK1 PRGHVWKHUHVXOWVDUHQRUPDOL]HGWRWKH7 
¥ȝ/($ VEDVHSHULRGRIWKHFORVHGVWDWH7KHSK\VLFDOO\LPSRVVLEOHVROXWLRQVDUHGUDZQZLWKWKLQJUH\
OLQHVWKHSRVVLEOHRQHVE\WKLFNUHGOLQHV7KHVHWLPHSDLUVUHVXOWLQDSHULRGLFYLEUDWLRQZLWKRXULQLWLDODVVXPSWLRQV
,Q)LJEZHVKRZDVHTXHQFHRIWKHUHVXOWVZKHQWKHQXPEHURIFRQVLGHUHGPRGHVLVLQFUHDVHG7KHYLEUDWLRQ
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PRGHVVWDUWLQJIURPWKHD[LVFDQEHFRQVLGHUHGDVWKHFRQWLQXDWLRQRIOLQHDUQRUPDOPRGHVZLWKFORVHGFUDFNZKHQ
WKHFUDFNRSHQV
,Q)LJXUHDZHVKRZWKHQDWXUDOSHULRGDVDIXQFWLRQRIWKHYLEUDWLRQHQHUJ\7KHUHDUHGLVFRQQHFWHGOLQHVDQG
ELIXUFDWLRQVFDQEHVHHQDVZHOO:HXVHGDVFDQQLQJPHWKRGVRWKHVHSDUDWHGVROXWLRQVDUHDOOLQFOXGHGDPRQJRXU
UHVXOWV,Q)LJXUHEZHFRPSDUHWKLVGLDJUDPZLWK1 DQG1 ,WFDQEHVHHQWKDWXVLQJPRUHPRGHVPRGLILHV
WKHGLDJUDPPDNLQJLWPRUHDFFXUDWHEXWRQHFDQREWDLQQHZVROXWLRQEUDQFKHVDVZHOO

)LJD(QHUJ\GHSHQGHQFHRIWKHSHULRGWLPHZLWK1 
)LJE&RPSDULVRQRIWKHHQHUJ\GHSHQGHQFHRIWKHQDWXUDOSHULRG
ZLWK1 JUHHQDQG1 SXUSOH
)LJD'LVSODFHPHQWVRIWZRVROXWLRQVEOXHORZHUHQHUJ\UHG
KLJKHUHQHUJ\GLVSODFHPHQWVRIWKHEDUDWWKHEHJLQQLQJRIWKHPRWLRQ
DQGDWWKHFORVXUHRIWKHFUDFN

)LJE7LPHGLVSODFHPHQWIXQFWLRQRIWKHHQGDQGWKHFHQWUHRI
EDUEOXHORZHUHQHUJ\UHGKLJKHUHQHUJ\

)LQDOO\ZHLOOXVWUDWHWZRVROXWLRQVIURP)LJXUHDW VWF VORZHUHQHUJ\DQGW VWF
 VKLJKHUHQHUJ\,Q)LJXUHDWKHGLVSODFHPHQWIXQFWLRQVRIWKHEDUDUHVKRZQDWW ZLWKWKLFNOLQH
DQGDWW WWKLQOLQHIRUERWKFDVH,QWKHLQLWLDOVWDWHRQO\DUHODWLYHO\VKRUWVHJPHQWRIWKHEDUGLIIHUVVLJQLILFDQWO\
IURPDOLQHDUVWDWH,Q)LJXUHEWKHHQGRIEDUGLVSODFHPHQWWKLFNOLQHVDQGWKHFHQWUHSRLQW¶VGLVSODFHPHQWWKLQ
OLQHVLVVKRZQIRUERWKFDVHVDVDIXQFWLRQRIWLPH$YHUWLFDOOLQHZLWKWKHUHVSHFWLYHFRORXUUHSUHVHQWVWKHHQGRI
HDFKKDOISHULRGWRZKLFKWKHGLDJUDPLVV\PPHWULF
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&RQFOXVLRQV
:HSUHVHQWHGDIDVWDQGUREXVWQXPHULFDOPHWKRGIRUWKHFDOFXODWLRQRISHULRGLFVROXWLRQRIWKHIUHHYLEUDWLRQRID
SLHFHZLVHOLQHDUFRQWLQXRXVV\VWHP:HUHGXFHGWKHQXPEHURISDUDPHWHUVWRWKHWLPHSHULRGVVSHQWLQHDFKOLQHDU
VWDWXV,QWKHVSDFHRIWKH*56WKHVFDQQLQJDOORZHGXVWRILQGWKHFDQGLGDWHVRIWKHSHULRGLFSDWKVDQGWKHQZHILOWHUHG
RXW WKH SK\VLFDOO\ LPSRVVLEOH SDUDVLWLF VROXWLRQV 2XU PHWKRG DOORZV ILQGLQJ RQO\ RQH W\SH RI 110V EXW WKH
WHFKQLTXHFDQEHH[WHQGHGWRPRUHVWDWHFKDQJHVWRR7KH*56ZRXOGVWLOOFRQWDLQWKHWLPHVSHQWLQFRQVHFXWLYHVWDWHV
PRUHVWDWHFKDQJHVZRXOGMXVWLQFUHDVHWKHGLPHQVLRQRIWKH*56
$FNQRZOHGJHPHQWV
$XWKRUVJUDWHIXOO\WKDQNWKHILQDQFLDOVXSSRUWRI+XQJDULDQ*UDQW27.$1R.
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